We generalize to oriented matroids classical notions of Convexity Theory: faces of convex polytopes, convex hull, etc., and prove some basic properties. We relate the number of acyclic orientations of an orientable matroid to an evaluation of its Tutte polynomial.
Clearly by forgetting the orientation we obtain a (non-oriented) matroid 44. The circuits of the orthogonal matroid 44' (i.e., the cocircuits of M) can be oriented in a unique way such that the c>lection 8' of signed coc&uits of M satisfies the orthogonal@ property: for all X E 6' and YE 8l such that ]XnY]=2, both (X+nY+)u(X-nY-) and (X+nY-)U(X-nY+) are non-empty. Then 8' satisfies (01) and (02), and defines an oriented matroid Ml, the orthogonal of 44. The orthogonality property holds for all X E B and YE. @-such that X n Y # 0. We have (A4')' = M.
FACES IN ACYCLIC ORIENTED MATROIDS
Let IR be the real field and E be a finite subset of Rd. A non-empty subset X of E is an afine dependency of E over IR if there is a non-zero mapping ;1: X + IR such that CxEx n(x) = 0 and CxEx n(x) s x = 0. The affine dependencies minimal with respect to inclusion constitute the circuits of a matroid M on E. The ordering of iR induces a canonical orientation of M: observe that if X is a circuit of M then a mapping il such that CxGx n(x) = 0 and XXEX w . x --0 has non-zero values and is unique up to multiplication by a non-zero number. The minimal affine dependencies X of E over IR signed by X+ = {x E X: n(x) > 0) and X-= {x E X: A(x) < 0) constituted the signed circuits of an oriented matroid [ 1, Ex. 3 .51. We denote this oriented matroid, the oriented matroid of aflne dependencies of E over IR, by Aff,(E). Note that Aff,&E) contains no positive circuits (signed circuits X with X-= 0); we say that A&(E) is acyclic.
Suppose E is of afflne dimension d: the affine closure [E] of E in Rd is the whole space. Consider a hyperplane H of Aff,&E): [H] is an affine hyperplane of IT?,. Let S,, S, be the two open half-spaces of Rd determined by [HI. In Aff,(E) E -H is the support of two signed cocircuits Y and its opposite -Y. We have Y+ = S1 n E, Y-= S, n E. This example suggests the following definitions:
Let M be an acyclic oriented matroid on a (finite) set E. An open halfspace of M is a subset of E of the form Y', where Y is a signed cocircuit. A facet of M is a hyperplane H such that E -H supports a positive cocircuit. A face of M is any intersection of facets. In particular an extreme point (or vertex) of M is a face of rank 1. (These definitions still make sense when M is not acyclic. However, this assumption is necessary for certain desirable properties to hold.)
. The following generalization of Minty's 3-Painting Lemma to oriented matroids is a fundamental tool in the sequel:
THE ~-PAINTING LEMMA [ 1, Theorem 2.21. Let A4 be an oriented matroid on a set E. Given any 3-partition (3-painting) of E into 3 classes B (black), G (green), R (red) and e E B, then either there exists a black and red signed circuit X such that e E B n X c X', or there exists a black and green signed cocircuit Y such that e E B f7 Y c Y'.
By the 3-Painting Lemma for G = R = 0, in an oriented matroid an element belongs to a positive circuit or to a positive cocircuit, but not to both. We say that an oriented matroid is totally cyclic if every element belongs to some positive circuit.
Thus an oriented matroid M is acyclic if and only if its orthogonal Ml is totally cyclic. In consequence, by orthogonality, every property of acyclic oriented matroids is equivalent to a property of totally cyclic oriented matroids. Both points of view have applications: natural examples of acyclic oriented matroids are provided by affine dependencies in vector spaces over ordered fields, of totally cyclic oriented matroids by elementary circuits of strongly connected directed graphs. The present paper is mainly in terms of acyclic oriented matroids. An example of the second point of view is given below in this section. THEOREM 1.1. Let A4 be an acyclic oriented matroid. The set of faces of M ordered by inclusion is a lattice with the Jordan-Dedekind chain property. LEMMA 1.1.1. Let M be an acyclic oriented matroid on a set E and E' be a subset of E. Given any face F of M, F n E' is a face of M(E').' ProoJ: F is an intersection of facets of M, i.e., E -F is a union of positive cocircuits of M. Then E' -F is an union of positive cocircuits of M(E')('), i.e., F n E' is a face of M(E'). LEMMA 1.1.2. Let M be an oriented matroid, X, , X2,..., X, be positive circuits and X be a signed circuit. Then for any e E X -A, where A = uil: Xi, th ere is a signed circuit Z of M such that e E Z E XV A, Z' c X' VA and Z-s X--A (i.e., Z is positive on A and has the sign of X outside A).
Proo$ Let Z be a signed circuit of M such that e E Z z X U A and Z has the sign of X outside A (X has these properties). Suppose Z chosen such that 1 Z-n A 1 is minimal. We show that Z-n A = 0. Let x E Z-n X,. By the elimination property there is a signed circuit Z' of M such that eE Z'S (ZUX,)-{x}, Z'+ C Z+UX: and Z'-CZ-UX,.
We have ' Let M be an oriented matroid on a set E and A be a subset of E. We denote by M -A, or alternatively by M(E --A)), resp. M/A, the oriented matroid obtained from A4 by deleting, resp. contracting, A. We have (M-A)1 = Ml/A. Given a signed circuit X of M and x E X-A there is a signed circuit X' of M/A such that x E X', X'+ c X' -A and X'-c X--A [ 1, Proposition 4.41. Let F be a face of an acyclic oriented matroid M on a set E. By definition E -F is a union of positive cocircuits of M, equivalently E -F is an union of positive cocircuits of M/F, i.e., M/F is acyclic. A face of M is thus a closed subset of E such that M/F is acyclic.
Proof of Proposition 1.2. Let A4 be an acyclic oriented matroid on a set E and Y be a cocircuit of M such that Y+ # 0. Let Y+ = P, + P, +.a. + P, be the partition of Y+ into points of 44. Suppose that M/Pi is not acyclic for i = 1, 2 ,..., k.
M/Pi being not acyclic, contains a positive circuit Xi. Let Xi be a signed circuit of M such that Xi = Xi -P,. We have X,: E Pi; on the other hand 1 Xi n Pi 1 < 1. Hence, since M is acyclic, X,7 = { ei) ei E Pi.
We prove that for j = 0, l,..., k -1 there exist signed circuits Zj, i = 1, 2,..., k -j such that ZtT = {e,) and Zi n Y+ C_ {e,, e2,..., e,& The assertion is true for j = 0. Suppose it has been proved for j < k -1. Let i 0 < i < k -j -1. There is a signed circuit Zi such that Zy = { ei) and Zin Y+ E {e,, e2 ,..., ekmJ}. If C?k-je Zi we set Z{ = Zi* Suppose e,-jE Zi*
We have ZIF = { ei}, ZF-j = { e,-j} ; hence Zi # -Z,-j, otherwise { ei, ekVj} would be a circuit of M, contradicting the fact that ei and ekej are in 2 different points of M. By the elimination property there is a signed circuit Zi of M contained in (Zi U Z,_j) -Ie,-j} such that Zlt E Z+ U Zl-j and Zi -G Zi U Z~-j. We have Zf -E {ei} hence Z: -= {ei} since M is acyclic. Thus the assertion holds also for j+ 1.
By induction we obtain for j = k -1 that there exists a signed circuit Z of M such that Z-= {e, } and Z n Yt = {e, }, but this contradicts the orthogonality property.
Let M be a matroid on a set E. We say that r(M) points Pi, P, ,..., PrtM) of M constitute a point-basis of A4 if there is a basis {e, , e2 ,..., erCM)} such that ei E Pi for i = 1, 2 ,..., r(M). ProoJ: The proof is by induction on r(M). By Proposition 1.2 A4 has at least one extreme point P. M/P is acyclic, hence by induction, contains at least r(M/P) = r(M) -1 facets: E -P contains at least r(M) -1 positive cocircuits of M/P, i.e., at least r(M) -1 positive cocircuits of A4. Since P is contained in at least one positive cocircuit of M, it4 contains at least r(M) positive cocircuits, i.e., at least r(M) facets.
By induction we know that M/P contains at least r(M) -1 extreme points p', 9 p; ,*a-, q*, -1 , and we may suppose that they constitute a point-basis of M/P. For i = 1, 2 ,..., r(M) -1, P U Pj is a face of rank 2 of M. It is easily seen that an acyclic oriented matroid has at least 2 extreme points (let M be an acyclic oriented matroid of rank 2: if A4 is not the direct sum of two points, A4 contains a 3-elements signed circuit xyZ, the two open half-spaces defined by z are both non-empty; hence A4 contains at least two extreme points by Proposition 1.2). By Lemma 1.1.1 P is an extreme point of M(P U Pi). Let Pi be another extreme point of M(P U Pf). Then Pi is an extreme point of A4 by Lemma 1.1.3. Now P and P, , Pz,..., PrtMj-1 are extreme points of M constituting a point-basis. Remark 1.3. We have in fact proved that any extreme point of A4 is contained in a point-basis constituted of extreme points. Proposition 1.2 and Theorem 1.3 are well-known properties of lRd. We consider the case of graphs:
Let G be a directed graph with edge-set E. The signed sets of edges of elementary circuits of G constitute the signed circuits of an oriented matroid An extreme point of [B(G) is a set P of edges such that [B(G)/P is acyclic: equivalently ([B(G)/p)' = C(G) -P = C(G -P) is totally cyclic, i.e., every connected component of G --P is strongly connected. By Proposition 1.2 applied to IB(G), every elementary circuit y of a strongly connected directed graph G contains a non-empty set P of edges consistently directed on y, such that every connected component of G -P is strongly connected. This statement is exactly Lemma 1 of [7] . ProoJ If there is a signed cocircuit Y such that Yf = P, then P is an extreme point by Proposition 1.2. Conversely let P be an extreme point of M and E be the set of elements. There is a cocircuit Y such that P c Yt (since M being acyclic has no loops). Now by definition E -P is an union of positive cocircuits: by Lemma 1.1.2 there is a signed cocircuit 2 of M such that Zt = P.
In this section we have generalized to oriented matroids some properties of faces of convex polytopes. Actually for any such property, see, for example, [6] , the question arises whether or not it generalizes to oriented matroids. At the present time we have no example of an acyclic oriented matroid whose lattice of faces is not the lattice of faces of a convex polytope. We ask:
Problem. Is there an acyclic oriented matroid M such that the lattice of faces of M is not isomorphic to the lattice of faces of some convex polytope in an Euclidean space lRd? Note that by definition the intersection of the closed half-spaces containing A is equal to the set of elements x E E such that for all signed cocircuits Y of M x E Yt implies Yt n A # 0.
Proof of Proposition 2.1. Let x (S Conv,(A) and Y be a signed cocircuit of M such that x E Y'. By definition there is a signed circuit X of M such that X-= {x} and X+ G A. We have X-n Y+ = Xn Y+ = {x}, hence X+ n Y+ # 0 by orthogonality, and thus Y, n A # 0.
Conversely let x E E -A be such that Y+ n A # 121 for all signed cocircuits Y of M such that x E Y+. Apply the 3-Painting Lemma in xM (definition in Section 3) with B = A U {x}. G = E -(A U {x}), R = 0 and e = x: there is no signed cocircuit Y such that x E Y-and A n YE Y+, hence there is a signed circuit X such that X-= {x} and X+ c A, i.e., x E Conv,(A).
We say that a subset A of E is convex (ii) Let F be a face of M(A): then ConvJF) = 7 n Conv%(A) is a face of M(Conv,(A)).
ProoJ Without loss of generality we may suppose that ConvdA) = E and 1 <rM(F)<r(M)-1.
(i) Since F is a flat we have ConvdF n A) c F. To show the equality consider x E F and a signed cocircuit Y of M such that x E Y+. F being a face of M, by definition, E -F is an union of positive cocircuits of M. By Lemma 1.1.2 there is a signed cocircuit 2 such that x E Zf s Y+ n F. Now x E Conv,(A) = E implies 2' n A # 0, hence Y+ f7 F n A # 0. Therefore
FnA is a face of M(A) by Lemma 1.1.1.
(ii Let G be a graph. We have (notations of Section 1): (i) M acyclic implies clearly M -e acyclic. Suppose M/e contains a positive circuit X'. Let X be a signed circuit of M such that X -{e} =X'. We have X-c (e}, hence ,X is a positive circuit of ?M a contradiction.
(ii) M -e is clearly acyclic. Since ,-M is not acyclic, M contains a signed circuit X with X-E {e}. M being acyclic necessarily X-= {e} and X+ # 0. Then X -e is a positive circuit of M/e.
(iii) Let X, be a positive circuit of M. Since e is not a loop of M, X, is not reduced to e, hence X, -{e} non-empty contains a positive circuit of Suppose M -e is acyclic. Then necessarily e E X, . Similarly $4 contains a positive circuit gX2 and we have XT = {e}. Now by the elemination property there is a positive circuit of M contained in (X, U X2) -{e}.
Proof of Theorem 3.1. Let f(M) denote the number of subsets A of E such that ,-M is acyclic.
Clearly the inductive relations (2), (3), (4) are satisfied for c= 2 and 7 = 0. We have to show that if e E E is neither an isthmus nor a loop of M thenf(M)=f(M-e)+f(M/e). In particular, the number of strongly connected orientations of a connected graph G without loops is equal to t(C(G); 0,2). COROLLARY 3.3. Let M be an oriented matroid without loops on a set E. There exists a subset A of E such that @ is acyclic.
ProoJ: Clearly if A4 has no loops then M -e has no loops for any e E E. It follows immediately by induction that t(M, 2,0) > 2. 
